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In practice, lifetime performance index CL has been a method commonly applied to the eval-
uation of quality performance. L is the upper or lower limit of the specification. The product 
lifetime distribution is mostly abnormal distribution. This study explored that the lifetime of 
commodities comes from exponential distribution. Complete data collection is the primary 
goal of analysis. However, the censoring type is one of the most commonly used methods 
due to considerations of manpower and material cost or the timeliness of product launch. This 
study adopted Type-II right censoring to find out the uniformly minimum variance unbiased 
(UMVU) estimator of the lifetime performance index CL and its probability density function. 
Afterward this study obtained the 100×(1-α)% confidence interval of the lifetime perform-
ance index CL as well as created the uniformly most powerful (UMP) test and the power of 
the test for the product lifetime performance index. Last, this study came up with a numerical 
example to demonstrate the suggested method as well as the application of the model.
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1. Introduction
A number of studies related to process quality have pointed out 

that enhancing process quality can increase product lifetime as well 
as reduce the rate of process scrap and rework. Not only can it raise 
the value of the product, but it also can contribute to the sustainable 
development of enterprises in the face of challenges to global warm-
ing [7, 10, 17]. Numerous studies have stated that under the thinking 
of circular economy and sharing economy, good product quality, high 
availability, and long lifetime can not only reduce operating costs but 
also improve operating efficiency, thereby enhancing users’ satisfac-
tion and willingness [18, 20, 24]. Obviously, improving quality and 
lifetime for a product can increase its value and industrial competi-
tiveness.

Regarding product quality, quite a few quality control engineers 
and experts in statistics have been dedicated to their studies on proc-
ess capability indicators in terms of evaluation, analysis, and im-
provement [3, 31, 34-35]. In addition, Six Sigma is also a method 
commonly adopted in the industry to improve process quality [15, 21-
22, 25]. Subsequently, many scholars discussed the relation between 

the abovementioned process capability indicators and the Six-Sigma 
quality level widely used in the industry, and then they proposed the 
Six-Sigma quality index, hoping to apply the process capability index 
to the model of Six-Sigma quality management [6, 29].

Concerning the product lifetime performance, Tong et al. [28] 
came up with a lifetime performance index on the basis of the larger-
the-better process capability index. Under the assumption of expo-
nentially complete data, the proposed lifetime performance index is 
presented as follows:

 LC =
−

= −
λ
λ λ

L L1 , (1)

where L refers to the minimum required time unit of the lifetime for 
each electronic product. According to the research of Chen et al. [5], 
there is a one-to-one mathematical relation between the lifetime per-
formance index LC  and the rate of failure. When the average life-
time value of λ is larger, the rate of failure becomes relatively smaller. 
Then, some scholars also have invested in related research to explore 

lifetime performance index, Type-II right censoring, UMVU estimators, UMP test.
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the product lifetime performance. The above-mentioned studies all 
used complete sample data with a sample size of n to make statistical 
inferences. However, in the experiment on product lifetime perform-
ance and reliability, data collection is subject to time constraints or an-
other factor (like money, material resources, machine or experimental 
difficulties), so that the experimenter is usually unable to view the 
data of quality for each tested product. Therefore, the censored sample 
is considered as one of the methods [11, 16]. There are three censor-
ing types: Type-I censoring, Type-II censoring, and random censoring 
(also known as Type-III censoring) [14, 19].

In right censoring, the observations are Y1, Y2, Y3, …, Yn, as fol-
lows:
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i = 1, 2, 3, …, n, (2)

where Ti represents time of failure, and Ci is censoring time associ-
ated with Ti.

Right censoring refers to dividing the obtained data into two parts: 
one is T, time of failure for the product lifetime, and the other is C, 
censoring time. If T of the experimented product lifetime is greater 
than C, then T is regarded as the censored observation, denoted by 
T+. As to the censored observation T+, the corresponding C is used 
as the imputation value of T for the product lifetime, and the imputa-
tion value is called censored data [19]. Type-I censoring and Type-II 
censoring are applied to engineering (censoring time is a fixed value), 
while random censoring are applied to medical science, like experi-
mental studies using animals or experiments done in clinical research 
(censoring time is a random variable) [19].

Based on right censored data, point and interval prediction of the 
censoring number of failures is discovered by means of a simulation 
study under indeterminate survival times and censoring status [13]. 
Parameters of the exponential distribution are estimated by means of 
complete samples of Type -I censoring, Type-II censoring, and random 
censoring [2, 4, 30, 36]. The Type-II progressive censoring scheme 
has been widely adopted to analyze lifetime data for highly reliable 
products. For example, construct interval estimators and hypothesis 
testing of the lifetime performance index based on progressive type 
II right-censored data. And the potentiality of the model is analyzed 
by a numerical example [1, 8, 16]. The fuzzy statistical estimator of 
the lifetime performance index is then utilized to develop a new fuzzy 
statistical hypothesis testing procedure [33]. Finally, by Monte Carlo 
power simulation, the objectives assess the behavior of the lifetime 
performance index [1, 32]. 

Therefore, this study applies the Type-II right censoring data. In 
Type-II right censoring, only the lifetimes of the first r components 
are censored, whereas the lifetimes of the remaining (n-r) components 
are uncensored or missing.
In Type-II right censoring, the observations are Y1, Y2, Y3, …, Yn, dis-
played as follows:
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i = 1, 2, 3, …, n, (3)

where T(r) is the order statistic of failure times T1, T2, T3, …, Tn, and r 
is the number of uncensored data, r ≤ n.

In this paper, the product lifetime T comes from the exponential 
distribution with the mean λ, which is the probability density function 
(p.d.f.) of T  as follows:

 f t exp t
T ( ) = −








1
λ λ , 0t > . (4)

Then, the survival function is:

 ( )TS t = ( )p T t> =1− ( )TF t = exp t−






λ , 0t > , (5)

where ( )TF t  is the cumulative distribution function of T .

With the exponentially complete data, the lifetime performance in-
dex which Tong et al. [28] suggested is denoted as Eq. (1). Based on 
the above, the graphic scheme of methods as following (Fig.1).

Fig. 1. The graphic scheme of methods

In fact, the statistic testing method the study proposed is equipped 
with more advantages shown as follows than others:

Find the uniformly minimum-variance unbiased estimator 1. 
(UMVUE) of the lifetime performance index.
Derive the uniformly most powerful (UMP) test.2. 
Utilizing type-II right censoring is able to save a great amount 3. 
of experimental testing time and its cost corresponding with 
the requirements for enterprises to pursue their prompt re-
sponses to the results; moreover, the technique is more likely 
to assist enterprises to efficiently make sensible decision in a 
short time. 

In this paper, the other sections are arranged as follows. In Sec-
tion 2, we discover the uniformly minimum-variance unbiased esti-
mator (UMVUE) of the lifetime performance index. Next, in Section 
3, we demonstrate the (1-α) ×100% upper confidence of the perform-
ance index. Furthermore, the uniformly most powerful (UMP) test of 
the lifetime performance index is developed in Section 4. Also, a nu-
merical example is employed to describe the efficacy of the suggested 
method in Section 5. Finally, we make conclusions in Section 6.

2. Estimation of lifetime performance index and uni-
formly minimum variance unbiased estimator

Let Y1, Y2, Y3, …, Yn be the observed data with sample size n 
under Type-II right censoring as follows [32]:

 ( )
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where the order statistic T(r) is the time of censoring. Failure time T 
follows the exponential distribution with the mean λ. We figure out 
the estimator of λ under Type-II censoring. By Eq. (4) and the maxi-
mum likelihood method, we find the unbiased estimator of λ as fol-
lows [19]: 

 1ˆ
n

ii Y
r

λ == ∑ , (7)

where:



Eksploatacja i NiEzawodNosc – MaiNtENaNcE aNd REliability Vol. 24, No. 1, 2022 3

 i (i) (r)1 1 +( - )n r
i iY T n r T= ==∑ ∑ . (8)

When r = n (complete data), the estimator λ̂  is equal to T . By Eq. 

(1), the unbiased estimator of LC  is expressed below: 
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Furthermore:
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According to the Lehmann-Scheffé theorem, ˆ
LC  is the uniformly 

minimum-variance unbiased estimator (UMVUE) of LC . To com-
pare with Lee et al., their study proposed that the estimator ˆ

LC  is not 
unbiased of LC , an asymptotically unbiased estimator [16]. Hence, 
the findings from the estimator in Eq. (9) indicated that it was better 
than the results of Lee et al. [16].

3. Find the (1-α) ×100% upper confidence of perform-
ance index

According to Miller [19], the failure time T follows the exponential 

distribution with the mean λ. Let 12 n
ii Y

X
λ
== ∑ , then we get X to 

follow the chi-square distribution with degree 2r (i.e. 2
2rX χ ). Let 

ˆ
LW C= , the cumulative distribution function of W is denoted by:
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By the fundamental theorem of calculus (part 1), we get the prob-
ability density function of W as follows:
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Furthermore, we can derive the level of (1-α)×100% upper confi-
dence limit of LC  as follows:
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and the (1-α) ×100% upper confidence limit of LC  is:
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where 2
;2rαχ  is the upper α quintile of 2

2rχ .

4. Uniformly most powerful test
To know whether LC  is larger than or equal to c, it is necessary to 

take into account the null hypothesis: 0H : LC ≥ c  (showing that the 
product lifetime performance is good) versus the alternative hypoth-
esis: 1H : LC  < c  (showing that the product lifetime performance is 
poor) at a desired level of significance α. Significance α represents 
the probability indicating that the product lifetime performance is sat-
isfying but denied, so it can be called the producer risk. Then, the 
uniformly most powerful (UMP) test is defined by:

 ϕ 00ˆ ( )1, if( )
0, otherwise

LC reject H regioncZφ




<= ,  (16)

where 0c  is the critical value determined by Eq. (17):

E ( ) ;φ χ ααZ C c p c C cL L LC p X C cr L= = < =  { } = < ={ } =0 2
2ˆ ,  

 (17)

where 2
;2rαχ  is the upper α quintile of 2

2rχ . Based on Eq. (12) and 
Eq. (17), we derive Eq. (18) and Eq. (19) as follows:
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and:
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As a matter of fact, the power of the test is critical in learning the 
probability that the test correctly rejects the null hypothesis 0H  as 
the alternative hypothesis 1H  is true. Based on Eq. (17), Eq. (18), and 
Eq. (19), the power of the test for LC is given by Eq. (20) below.

 p C c C c c HL L< = ∈{ } = −0 1 1 1 1,  β ,  (20)

where β is the Type-II error of 1 1 1,  LC c c H= ∈ . By Eq. (12) and Eq. 
(20), we get Eq. (21) as follows:
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Similarly, based on Eq. (12) and Eq. (21), we have:

 21
1- ;2  

0

1 2( 1)
1 r

c r
c βχ−

⋅ − =
−

.  (22)

Based on the null hypothesis 0H ( LC ≥ c ) versus alternative hy-
pothesis 1H ( LC < c), Figure 1 shows the power curve for c = 0.7 
and r = 60, 80, 100 (bottom-up in the plot) with n = 100. According to 
Figure 2, the greater the power function π( )1cπ  with the value of 1c  (

1c ∈ 1H ), the greater the power. Also, when the power function π( )1cπ  



Eksploatacja i NiEzawodNosc – MaiNtENaNcE aNd REliability Vol. 24, No. 1, 20224

is fixed at 1c  ( 1c ∈ 1H ), the greater the value of r (i.e. the number of 
uncensored data is greater), the greater the power. That is, the larger 
the number of uncensored data, the stronger the power, which meets 
the more the original data, the better the quality of the analysis.

Fig. 2. Power curve for c = 0.7 and r = 60, 80, 100 (bottom-up in the plot) 
with n = 100

When product lifetime ( T ) follows the exponential distribution 
with the mean λ, the estimate of ˆ

LC , the confidence interval for CL, 
and the uniformly most powerful test are discovered as stated above. 
The steps of the statistical testing method are listed below:

Step 1: Collect the sample size n, Y1, Y2, …, Y100 under Type-II right 
             censoring, as shown in Eq. (3).

Step 2: Given the value L, we can find the estimate of ˆ
LC  by Eq. (7) 

and Eq. (9). 
Step 3: By Eq. (15), we get the level of (1-α)×100% upper confidence 

interval for CL.
Step 4: We construct hypotheses as follows:

null hypothesis 0H : LC ≥ c  (the product lifetime perform 
    ance is good) 

versus 

alternative hypothesis 1H : LC < c  (the product lifetime  
    performance is poor)

5. Numerical example
In this section, a numerical example is adopted to elaborate the 

above four steps stated in Section 4, assuming that the lifetime of an 
electronic product follows an exponential distribution (λ = 1) as well 
as assuming that sample size n = 100. By Type-II censoring, r = 80 is 
given. The four steps are listed as follows:
Step 1: Collect the sample data 1 2 100, ,...,T T T  from an exponential dis-

tribution with the mean (λ = 1). Given the number of uncen-
sored data r = 80, we can find the order statistic T(80) = 1.6377, 
and then we can collect Type-II right censored data Y1, Y2, …, 
Y100 by Eq. (3).

Step 2: Given the ratio L/λ = 0.35 (i.e. L<λ) and then LC = 0.65 by 
Eq. (1), we can find 100

i1i Y=∑ = 830392 by Eq. (3) and the 
estimate of ˆ

LC = 0.6644 by Eq. (9).
Step 3: Given the confidence level of 95% by Eq. (15), we can get 

that the upper confidence interval for LC  is (-∞, 0.7201].
Step 4:   We give the level of significance (α = 0.05) and the value of 

   requirement (c = 0.7). Then, the hypotheses are expressed as  
  follows: 

   null hypothesis 0H : LC ≥ 0.7 (the product lifetime perform- 
  ance is good) 

versus

  alternative hypothesis 1H : LC < 0.7 (the product lifetime  
  performance is poor).

By Eq. (17) and Eq. (19), the reject 0H  region is { ˆ
LC < 0.6402}. 

Since ˆ
LC  = 0.6644, obviously, H0 is not rejected, concluding that the 

product lifetime performance is good. Obviously, type-II right censor-
ing method the study adopted allowed investigators to make the best 
of eighty samples out of one hundred valid ones to conduct the survey, 
which saved twenty percent of experimental testing time and its cost. 
Therefore, the result was totally correspondent with the needs of pur-
suing enterprises’ requirements for prompt responses and efficiently 
making wise decision in no time [12, 27]. 

6. Conclusions
The process capability index CL is a common method used to prac-

tically evaluate the lifetime performance index of the product. How-
ever, in the product development process, when taking time and labor 
costs into consideration, collecting data in the form of censoring is 
one of the methods to improve the defect. This study took the research 
and development of the electronic product manufacturing process as 
an example and adopted Type-II right censoring to collect data. When 
the data collection is incomplete, the missing data values are replaced 
by the experiment termination time T(r).  This study not only derived 
the uniformly minimum-variance unbiased estimator (UMVVUE) 
ˆ

LC  of the process capability index LC  and its probability density 
function but also derived the ( )1 α− 100% upper confidence interval 
of LC . Assuming that the period of warranty was L unit time, this 
study created the uniformly most powerful (UMP) test for the lifetime 
performance index of the product and obtained the power of the test 
for LC . From the graph of the power function, it is learned that the 
greater the number of uncensored data r, the greater the power. When 
other conditions remain unchanged, the complete data (r = n) has the 
greatest power. For the convenience of manufacturers, this paper then 
established a testing process and at the same time proposed a numeri-
cal case. According to the testing process to perform the best statisti-
cal testing model, the proposed method and the applications of the 
model were explained in this paper. 

According to reliable life tests, apart from type-II right censoring, 
type-I right censoring [9, 23] and type-III right censoring [26] are 
also widely utilized to collect data. Thus, for the purpose of offering 
more relevant references to even more enterprises, the study suggests 
that three different right censoring types to be further investigated and 
analyzed in the future study.
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